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Abstract. In this paper we establish L p -boundedness properties for Laplace type transform 
spectral multipliers associated with the Schrodinger operator = — A + V. We obtain for 
this type of multipliers pointwise representation as principal value integral operators. We also 
characterize the UMD Banach spaces in terms of the L p -boundedness of the imaginary powers 
JSfT, 7 S K, of if. 



1. Introduction 

We study certain class of spectral multipliers, usually called Laplace transform type multipliers 
associated with the Schrodinger operator Jz? = — A + V, where A represents the Laplacian 
operator and the potential V > satisfies reverse Holder inequalities. We prove that L p - 
boundedness of some of those multipliers, the imaginary powers of Jz?, acting on Banach valued 
functions characterizes the UMD property for the Banach space. 

We now recall some definitions and properties that will be useful in order to state and to 
prove our results. 

We consider the Schrodinger operator Jz? = — A + V on R", with n > 3. We assume that 
V > is a locally integrable function on R™ belonging to the class B q , that is, there exists C > 
such that, for every ball B in R™, 

s/. f H"' sc b// ( * 

for some q > n/2. 

The operator Jz?, suitably understood, is a closed unbounded and positive operator in £ 2 (R"). 
Then, there exists the spectral measure Eg associated with Jz? and, for every measurable 
bounded function m on [0, oo), we define the spectral multiplier by 

T*(f) = f m(\)Ej?(dX)f, f e L 2 (R"). 

J[0,oo) 

It is well known that defines a bounded operator from L 2 (R") into itself. 

We say that a measurable function m on (0,oo) is of Laplace transform type when m(A) = 
A J °° e~ xt <ft(t)dt, A G (0,oo), for a certain <j) € L°°(0,oo). The spectral multiplier is called 
of Laplace transform type when the function m is of Laplace transform type. 

For every t > 0, we define the operator by 

Wf(J)= f e- xt E<e(d\)f, f G L 2 (R"). 

J[0,oo) 

The uniparametric family {W^Joo is the semigroup of operators generated by — Jz? in 
L 2 (R"). For every t > and 1 < p < oo the operator '(f) can be extended from 
L p (R n ) n L 2 (R") to LP(R n ) as a contraction from L p (M. n ) into itself. The semigroup of op- 
erators {Wj~ }t>o is not conservative. Moreover, we can write, for every t > and / G L p (W l ), 
1 < p < oo, 

Wf(f)(x)= [ Wf(x,y)f(y)dy, x G R", 
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where W^{x,y), x,y € R™ and t e (0, oo), is a C°°(R™ x K™ x (0,oo)) such that, according to 
Feynman-Kac property, 

\Wf(x,y)\ < CW t (x,y), x,y e »" and t > 0, 

being 

1 _\ JLz yf_ 

W t {x, y) = ^ nt y l/2 e 4t , x, y G K" and t > 0. 

We establish a pointwise representation of the Laplace transform type operator T^f as a principal 
value integral operator and we prove L p -boundedness properties of . As usual by C^°(R™) 
we denote the space of smooth functions with compact support in R™. 

Theorem 1. Suppose that m(X) = A J °° e~ xt (f>(t)dt, A e (0, oo), where <f) € L°°(0, oo). Then, 
for every f £ C™(R n ), 



(1) T r f (f)(x) = lim a(e)/(i) + / K?(x, y)f(y)dy I , a.e. x £ 



, a. 



where 



Kf(x,y) = -J <P(t)-Wf(x,y)dt, x,y€M. n ,x^y, 



and a is a certain measurable bounded function on (0,oo). Moreover, if there exists the limit 
lim t _ > Q+ (j)(t) = (j}(0 + ), then 



(2) T*(f)(x) = <P(0+)f(x)+ lim / Kf(x,y)f(y)dy, a.e. x & 



o+ 



\x-y\>e 



Theorem 2. Suppose that m(A) = A / °° e~ xt (j)(t)dt, A e (0, oo), where 4> € £°°(0, oo). TTien 
can oe extended to L p (R. n ) as a bounded operator from L p (M. n ) into itself, for every 1 < p < oo, 
and as a bounded operator from L^R") into L 1 ' 00 (R"). Moreover, this extension can be given by 
(QP and, when the limit lim t _j. + <j){t) = 0(O + ) exists, by (0), for every f € L P (R"), 1 < p < oo. 

Note that since the semigroup of operators {W^joo is not conservative, the L p -boundedness, 
1 < p < oo, of the Laplace transform type multipliers can not be deduced from the result es- 
tablished in [Tni p. 121]. The harmonic analysis operators (maximal operators, Riesz transforms 
and Littlewood-Paley g-functions) in the Schrodinger setting have been studied in L p -spaces by 
several authors in last years (see for instance, [I], [7] and [H]). In order to show Theorems Q] 
and [21 inspired in the procedure developed by Shen |14| to analyze Riesz transforms, we take 
advantage that Jz? is a "nice" perturbation of the Laplacian operator —A. This fact allows us 
to write the multipliers in the Schrodinger setting, in some local sense, as perturbation of the 
corresponding multipliers associated to the Laplacian. 

In the localization of our operators the function p defined in [141 p. 516] by 



p(x) = sup{r >0:— V(y)dy < 1}, x € R", 

r JB(x.r) 

plays an important role. The main properties of this function p can be encountered in |14l 
§1]. We also use several properties of the heat kernel W^(x,y) associated to the Schrodinger 
operator Jzf that can be found, for instance, in [7]. 

A Banach space B is said to be UMD when the Hilbert transform H defined in a natural 
way on L p (R")(g)S can be extended to L' p (R n , B) as a bounded operator from L p (R n ,B) 
into itself for some (equivalently, for every) 1 < p < oo (see [3J and [4_). Here, for every 
1 < p < oo, by L p (M. n ,B) we represent the Bocfmer-Lebesgue space of exponent p. UMD 
property is related to geometric properties of Banach spaces (0). In last years several authors 
have established connections between geometry of Banach spaces and harmonic analysis. In 
particular, characterizations of UMD, convexity or smoothness properties of a Banach space 
have been given in terms of L p -boundedness of certain singular integrals or Littlewood-Paley 
g-functions ([T], [TU], [H], [H] and [IE])- He-re, inspired in the results of Guerre-Delabriere [9J 
related to the imaginary powers of the Laplacian, we characterize the Banach spaces having the 
UMD property by the L p -boundedness of the imaginary power Jzf' 7 , 7 € R, of the Schrodinger 
operator. 
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Let 7 <E K. We denote by m 7 the function to 7 (A) = A 17 , A G (0,oo). It is clear that 
m 7 (A) = A J °° e- xt <j> y (t)dt, A € (0,oo), where 7 (t) = £- 47 /r(l - 17), t € (0,oo). We define, as 
usual, the imaginary power Jzf 11 of .if by 

ceil _ y-S? 

According to Theorem^ Jz? 17 can be extended to L p (M. n ) as a bounded operator from L' p (M. n ) 
into itself, for every 1 < p < 00. If B is a Banach space we define .if 17 on i p (M") (^) B, 
1 < p < 00 , in a natural way. 

Theorem 3. Let B be a Banach space. Then, the following properties are equivalent: 

(i) B is a UMD space. 

(ii) For every 7 6 R and for some (equivalently, for any) 1 < p < 00, £/ie operator _§f l T can 
oe extended to L P (R",_B) as a bounded operator from L p (K™,i3) info itself. 

This paper is organized as follows. In Section 2 we present a proof of TheoremQ] Theorems^] 
and[3]are proved in Section 3. Finally, we present in the Appendix, for the sake of completeness, 
a proof of a version of Theorem Q] in the Laplacian (classical) case. 

Throughout this paper by C and c we always denote positive constants that can change in 
each occurrence. 

2. Proof of Theorem Q] 
Assume that 4> € £°°(0,oo) and define the function m as follows 

poo 

m(A) = A / e- Xv <P(v)dv, Xe [0,oo). 
Jo 

It is clear that m is also in L°°(0,oo). The spectral multiplier T~ in the Schrodinger setting 
associated with m is defined by 

T*(f)= [ m(\)E#(d\)f, /GL 2 (M"), 
J [0,00) 

where represents the spectral measure for the Schrodinger operator Jzf . It is well known 
that T% is a bounded operator from L 2 (M. n ) into itself. 

We are going to prove Theorem [TJ Let f,g £ C^°(R"). We can write 

(T^(f),g) = ( [ m(\)Ex(d\)f,g) = f m(X)d t i Lg .^(X), 

W[0,oo) / J[0,oo) 

where by Hf jg -^ we denote the measure defined by 

li { , g .MA) = (Ex{A)f,g), 

for every Borel set A C [0, 00). The set function is a complex measure on [0, 00) satisfying 

that |/i/ !9; ^f |([0, 00)) < ||.f||2||ff||2, where |/z/ i9; ^f | represents the total variation measure of /x/ jS; ^f . 



We have that 



<7f (/),<?) = / A/ e- x ^(v)dvd H ^(X) 

J[0,oo) JO 



4>{v) / Xe- M dn f , g -M^dv 

J[0,oo) 



00 



'■<«•> / i-|r)(e Ar )«f/ 



[0,00) 



Here, we can interchange the order of integration because 

Xe- Xv \cp{v)\dvd\p, f , g .MW < ||0||oo|M/, ff ;^l([O,oo)) < 00. 



'[0,oo) Jo 

Since 

e -X(v+h) _ e -Ai 



< \ e HW-v) < Ae -A«/ 2j W; A > and < ~, 
and 

Ae- Au / 2 d|/i/, S ;^|(A) < -|/x /)ff; ^|([0,oo)) < 00, v > 0, 
'[0,00) u 
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we can differentiate under the integrai sign and write 



[0,00) 



<Wf{f),g>dv 



d_ 

dv 
d 
dv 



Wf(x, y)f(y)dyg(x)dxdv. 



We have that 



and 



Wf(x,y) - W v {x,y)\\f(y)\\g(x)\dydx < 00, v£ (0,oo) 



0_ 

dv 



(Wf(x,y)-W v (x,y)) 



\f{y)\\g(x)\dydx < 00, v£ (0,00) 



Indeed, according to (2.2) and (2.7)] it follows that 

\Wf(x,y)-W v (x,y)\\f(y)\\g(x)\dydx 



^-(Wf(x,y)-W v (x,y)) 



< C 



< C 



l + v 

v n/2+l 
1 + V 



\f{y)\\g(x)\dydx 
e- c ^\f(y)\\g(x)\dydx 



n/2 , 1 / \f(y)\dy \g(x)\dx<oo, v £ (0,oo). 



Hence, the function -0(u) = J Rn JJ R „ (W^(x, y) — W v (x,y))f(y) g(x) dy dx, v £ (0,oo), is 
differentiable in (0, 00) and 



We can write 

(Tf (/),<?) = 

(3) 

Also, we have that 

(4) 
and 
(5) 

Indeed, to see ([5]) we write 

,00 

< 



g 

— (Wf{x,y)-W v {x,y))f(y) g{x) dy dx, ue (0,oo). 



4>{v 

00 

cj>(v 



d 

dv 



W v {x,y)f{y) dy g{x) dx dv 



d_ 

dv 



- (Wf(x,y)-W v (x,y)) f(y) g(x) dy dx dv. 



dv 



d_ 

dv 



Wf(x,y)-W v (x,y)) 



\f(y)\ \g( x )\ dv dx d y < °°i 



(Wf(x,y)-W v (x,y)) 



\f(y)\ |0(i7)| dv dy< 



^-(Wf(x,y)-W v (x,y)) 



p(x) 2 



p(x) 2 



\f(y)U(v)\ dv dy 



l.{Wf{x,y)-W v {x,y)) 



\f{y)\ dv dy 



= B 1 (x)+B 2 (x). 
According to [7J (2.7)] we get 



(6) 



B 2 (x) < C 



C 



p(x) 2 



^^\f( y )\dvdy< — 

P(X) 



-, x £ 



Since < p(x) < 00, it follows that B2(x) < 00, x £ 



By proceeding as in [S] p. 15 -17] we can obtain that 
(7) Bi(a;) <C||/|U x6R n 

Thus, we have proved Moreover, by using [T3] Lemma 1.4], © and ([7]) imply also Then 
© can be written 

(T*(f),g) = J°° 4>(v)(-£j J J W v (x,y)f(y)dyrfx)dxdv 



(8) + / [ ton I (Kf(x,y) - K^(x,y)) f(y) dy ) g(x) dx 



\x-y\>e 



where 

Kf(x,y) = - ct>(v) — Wf(x,y)dv, x,yeW\x^y, 



and 



dv 



K (j> {x,y)=- l (j)(v) — W v (x,y) dv, x, y G R n , x ^ y. 



On the other hand, as above we can see that 

(9) (T m (f),g) = J 4>{v) f-^J jf^ W v (x,y) f(y) dy W) dx dv. 

where T m represents the spectral multiplier associated with —A defined by m. Moreover, we 
can write 

(10) T m (f)(x) = lim la(s) f(x) + f K^x,y) f(y) dy) , a.e. x G R". 

\ J\x-y\>e J 

where 



a{£) = W)L His) 6- ""*- **• e>0 - 

Also, if there exists the limit lim t _j. + 4>(t) — </>(0 + ), then lim e _j. + a ( £ ) — 0(O + )i an d 
(11) T m (f)(x) = <j>(Q + )f(x) + lim f K^(x,y) f(y) dy, a.e. x G R n . 

e ^ 0+ J\x-y\>s 

Although we are sure that the properties (|10j) and (jllj) are known, we include in the appendix 
complete proofs for these properties of T m , for the sake the interested reader. 
By combining ©, ©, OH) and (TT]| we obtain that 

T% (f)(x) = lim ( a(e) /(*) + f Kf(x, y) f(y) dy) , a.e. x G R", 

^0+ ^ J\x-y\>e ^ J 

and 



T^f (/)(*) = 0(0+) /(a:) + lim / Kf(x,y) f{y) dy, a.e. x G R", 

e ^ 0+ J\x-y\>e 

provided that there exists the limit <f>(0 + ) = lim^ + 4>(t). 

3. Proof of Theorems [2] and [3] 
In this section we present a proof for Theorems [5] and [3] Firstly we prove Theorem [3] 

3.1. Proof of Theorem [3] Guerre-Delabriere [§] Theorem, p. 402] established that a Banach 

~ Ix 1 ) can be extended to L P (R, B) 
into itself, for some (equivalently, for any) 1 < p < oo. In the proof of [S] Theorem, p. 402] a 
vector valued version of a classical transference result was used. 

Assume that B is a Banach space and 7 G R. The operator I — 4^- ) takes the form 
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where / denotes the Fourier transform of / and / the inverse Fourier transform of /. If / G L 1 (R) 
we define 

Kv)= I e-™yf(x)dx, yeR, 
Jm. 

and 

f(v) = ^~ I e ixy f(x) dx, yef. 
As it is well known the Fourier transform can be extended from L 1 (M) n L 2 (R) to L 2 (R) as a 

(2 \ *7 
— ) is bounded from 

L P (R) into itself, for every 1 < p < oo. If 1 < p < oo and / G LP(R)®B, that is, / = £^ =1 fofj, 
where f3j G B, fj G L P (R), j = 1, . . . , r G N, we define, as usual, 

d 2 \ if , „ s „ / d 2 



(-^rcfl-EA(-^rw). 



3=1 

17 



/ , 2 \ l 7 

We also consider the operator ^ — , where T = [0, 2tt) denotes the one-dimensional 

torus, defined by 

(- £f&)(*) = E bl^Cff)^. 35 e (°' 27r ) and 9 e i P (T), Kp < oo, 

1 /" 27r / 2 \ *7 

being Cj ( 5 ) = — / g(6)e~ %: > 6 d6, j G Z. The operator ( - £7 is bounded from L P (T) into 

itself, 1 < p < 00. If 1 < p < 00 and g G L P (T) ® -B, that is, g = ft'ffjj where /3j G B, 

gj G L P (T), j = 1, . . . , r G N, we define 



( 



^) |T (.9) = Eft("^)| T fe) - 
3=1 



Z7 



Guerre-Delabriere (O p. 402]) showed that if ^ — ^5 J can be extended to L 2 (T, B) as a 
bounded operator from L 2 (T, B) into itself, then B is UMD. Moreover, she used a vector valued 

/ 2 \ *7 

transference result (see [6j for the scalar result) that implies that ^ — -^rj can be extended 

(2 \ *7 
— j can be 

extended to L 2 (R, B) as a bounded operator from L 2 (R,B) into itself. Note that, by using 

(2 \ *7 
— ^-2- j can be extended to 

L P (R, B) as a bounded operator from L P (M.,B) into itself, for some 1 < p < 00, if and only if 

2 \ ^7 

- ^3 ) can be extended to L 2 (R, B) as a bounded operator from L 2 (R, B) into itself. 
In order to prove Theorem[3]we need to show a higher dimension version of Guerre-Delabriere's 
result. The operators (-A)* 7 (respectively, (-A)?J n ) are defined on L p (R n ) and L p (R n ) ® B 
(respectively, on I/ p (T n ) and L P (T") ® B), 1 < p < 00, in the natural way. 

Proposition 1. Let B be a Banach space and n G N. Then, the following assertions are 
equivalent. 

(1) B is UMD. 

(ii) For every 7 G R and for some (equivalently, for any) 1 < p < oo ; the operator (—A) n 
can be extended to L p (R n ,B) as a bounded operator from L p (R n ,B) into itself. 

Proof, (i) =>• (ii) It is a consequence of |19l Proposition 3]. 

(ii) =>• (i) We show this part by adapting standard transference arguments to a vector valued 
setting. For the sake of completeness we include the proof. 

Let 7 G R and 1 < p < 00. Suppose that the operator (—A)* 7 can be extended to L P (R™, B) 
as a bounded operator from L p (R n , B) into itself. We choose an even smooth function on R such 
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that 4>{x) = 1, |x| < 1/4, and = 0, \x\ > 1/2. We split the operator (-A) i7 as follows 

(-Ar(/) = (0(|x| 2 )|x|^/)-+((l-0(|x| 2 ))|x| 2 ^/)- 
= A 1 (f) + A 2 (f), feC?(W n )®B. 

Here, h denotes the Fourier transform of h and h the inverse Fourier transform of h in 
defined, for every h € by 

h(y) = [ e~ zxy h{x)dx, y G R n , 

JR™ 

and 



JR™ 

Also, we consider the function ip(x) = 4>(\x\ 2 ), x G K™, and the Fourier multiplier T v defined by 

T v (J) = (n>fy, feC™(WL n )®B, 

in a natural way. Since ip G L 1 (M n ), T v can be extended to L P (W\B) as a bounded operator 
from L p (R n ,B) into itself. Then, A\ and therefore A 2 can be extended to L p (R n ,B) as a 
bounded operator from £ p (R n ,.B) into itself. 

We denote by Z?(T n ,X) the space of trigonometric polynomials of period 27r on T™ with 
coefficients in a Banach space X. Let P G 0>{T\ B) and Qe#(T",B'), where B' is the dual 
space of B. Since A 2 can be extended to L P (M™, B) as a bounded operator from L p (W l , B) into 
itself, by proceeding as in the proof of [TSl Theorem 3.8, p. 260] we have that 



<(-A)^(P)(z),Q(z)}dz < C||P|U, (T n >B) ||Q|| iP , (T „ 



B')> 



where p' is the exponent conjugated to p. 
By using [5J Lemma 2.3] we get 

||(-A)f^(P)|| iP(T „ iB) <C||P|| iP(T ^ s) . 

Hence, (— A)|^„ can be extended to L p (T n , B) as a bounded operator from L p (T n , B) into itself. 

— ^2 J can be extended to L P (T, £>) as a bounded operator 

from L P (T, B) into itself, it is sufficient to use that (— A)j^„ can be extended to L p (T n ,B) as a 
bounded operator from L p (T n ,B) into itself, and to extend every function / e L P (T) to T" in 
the natural way, that is, defining f(x%, . . . , x n ) = f(x\), (x%, . . . , x„) G T n . 

According to Theorem, p. 402] the above arguments allow us to conclude that (ii) => 
(i). ' □ 

We are going to prove Theorem [3] Let 7 e K. The imaginary power ££ %1 of _Sf (respectively, 
(—A)* 7 of —A) is the spectral multiplier associated with «5f (respectively, —A) defined by the 
function m 7 (A) = A* 7 , A € (0, 00). Note that m 7 (A) = A J Q e~ xt 4> 1 (t) dt, A € (0, 00), where 

£r(*) = r(i-I 7 ) ' 1 e (°'°°)- 

Assume that B is a Banach space and that / = J2j=i Pjfji where fj £ C^°(R") and (3j G B, 
j = 1, . . . , d. By Theorem Q] and (fTD|) . we have that 

d / - \ 



and 



7^(/)(x) = lim ( a( £ )/ 3 (x) + / K^ > (x,y)f j (y)dy , o.e. 1 G 

./|x-3/|>£ / 



Vft lim a(e)/j(a 



T m-,(f)(x) = \^j3j lirn^ ( a(e)fj(x) + / K^(x,y)fj(y)dy , a.e. a; G 

J|x--y|>£ / 



We split the operator T m as follow 
where T mT)ff (/)(a;) = !\ x _ y \> p{x) K^{x,y) f(y) dy, x G 
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The operator >!? m — — T m _ n i can be extended to L p (R n ,B) as a bounded operator from 
L p (R n , B) into itself, for every 1 < p < oo. Indeed, we can write 

f(y) (Kf^y) - K^(x,y)) dy 

d 



S m ^{f)[x) = lim 

J e<\x~ y\ <p(x) 



\x-y\>p(x) 

By proceeding as in [2j p. 15-17] we can get 



f(v) I Mt)]%Wf(x,y)dtdy 



\x-y\<p(x) 



\\S mi> i{f){x)\\ B < 
and 

\\S m ^2f(x)\\ B < 

\\f(y)\\ B 



\\f(y)\\ B Kf(x,y)-K^(x,y) dy < C^(\\f\\)(x), xe^ n , 



\\M\U 



\x-y\>p{x) 



\x-y\>p(x) 

\<j> 7 (t)\ 

p(x) 2 



p{xf 



I0 7 (t)l 



9 '™rjg 



dt 



Wf(x,y) 



dt dy 



dt 



Wf(x,y) 



dt dy < C^(\\f\\)(x), xeR n , 



^7 1 1 oo 



Hence, by using the well known Maximal Theorem we conclude that the operator S m can be 
extended to L p (R n , B) as a bounded operator from L p (R n , B) into itself, for every 1 < p < oo. 

Suppose now that B is a U MD Banach space. According to Proposition [T] the operator 
T TOt can be extended to L p (R n ,B) as a bounded operator from L p (R n ,B) into itself, for every 
1 < p < oo. 

For every /eL™(l")®Bwe have that 



T m ^(f)(x) = J K tj} _ i {x,y)f{y)dy, a.e. x $ supp f. 
Moreover, K$ is a standard Calderon-Zygmund kernel, that is, there exists C > such that 



and 



E 



\K^(x,y)\ < 
dK^ (x,y) 



C 



dxj 



+ 



x-y 
dK<f, Jx,y) 



< 



C 



\x-y 



n+l ■ 



x^y. 



Then, by proceeding as in the scalar case (see |16[ p. 34]), we can show that the maximal 
operator 



r* ,(/)(*) 

is bounded from L p (R n ,B) into L p ( 



sup 

e>0 



K^{x,y) f(y) dy 



\x~y\>c 

), for every 1 < p < oo. 



T, 



my , g (f)( x )\\B < T^(f)(x), x € R". Then, for every 1< p < oo, T, 
B) into itself. 



IS 



y9 , we conclude that, for every 1 < p < oo, T„ 
, B) into itself. 



and then 



It is clear that 
bounded from L p 

Hence, since T m ^ tl = T mi - T, 
also T~^, are bounded from L P (M 

Assume now that for a certain 1 < p < oo and every 7 £ R the operator can be extended 
to L p (R n ,B) as a bounded operator from L p (R n ,B) into itself. Then, for every 7 G R the 
operator T m ^ can be extended to L P (R", B) as a bounded operator from L p (R n , B) into itself. 
According to Proposition [T] in order to show that B is a U MD Banach space it is sufficient 
to show that for every 7 G R, T m can be extended to L p (R n ,B) as a bounded operator from 
L p (R n , B) into itself. 

Let 7 G R. Suppose that / <E C£°(R n ) and supp / C B(0, M) for a certain M > 0. For every 
R > we define f R (x) = f(V~Rx), x G R". It is clear that, supp f R C B(0, -^), i? > 0. 

In the following our arguments are inspired in the ones developed by Abu-Falahah, Stinga 
and Torrea in [T]. We are going to show that for every A > there exists R > such that 



supp f R C B(j^, p(J|)), provided that |x| < A. According to [TJl Lemma 1.1] there exists C\ > 
for which 

-7rP{y) < p(x) <Cip{y), \x-y\<p(x). 
La 

Let A > 0. From [TJ Lemma 3.5] we can find R\ > such that \y — ^| < p(-fj), when 

|y| < |x| < A and R > R x . We can take R > max{i? A , (j^^f}- Then supp f R C 

N <A. 

We can write, for every R > 0, 
T,„,(/„)(^ 

- ^H"(^) + 4-.i>. /B(9, r^ (t) (-s) ,t ''(^'') «* 

- Jfc + i,^ ««> f ♦>« (-1) * (^) * j&) 

dt du 



lim ( a(e)f(x)+R I f(u) / <£ 7 (i) ( 4^(^.") 

'Is— t»|>eVli 



s=Rt 



= lim a(e)f(x) + 



|a:— u|>e\/i? 



Here a(e) = ^ e "u? ^ ^£_^ £ g (o, 1). 

Since </> 7 (as) = a~* 7 7 (s), a, s > 0, it follows that, for every R > 0, 

T^Cffl) f^=) = R l -< ]im I a(eVR)f(x)+ f f(u) H ^(s) ( ' ~) W s (x,u)dsdu) 

= ff 7 T mT (/)(x), a .e.xeR n . 
As it was proved above, for every N G N, there exists i?jv > such that supp fn N C 
S (^F'K^f)) > M < and i? w < Then, it follows that 

X 

T m ,{.f)(x) = fl^ 7 T m ^(/ flN Xs(^,p(^)))(^=) 

= V 7 T m ^(/ fl J(^|=), |x| < N, N e N. 

We deduce that, 

\T my (f)(x)\Pdx < R n J 2 [ \T myii (f RN )(x)\Pdx 

B(0,N) Jm." 

< CR n J 2 [ \f RN (x)\"dx 

< C\\f\\%, NeN. 

Note that C does not depend on N. 
We conclude that 

(12) \\T m ,(f)\\ P < C\\f\\ p . 

Also, 02J holds for every / € C C °°(R") <8> B. Hence, T„ l7 can be extended to LP(W n ,B) as a 
bounded operator from L p (K™,i?) into itself. The proof is finished. 

3.2. Proof of Theorem [2j 

Proof. This proof follows the same way that the one of the L p -boundedness of the imaginary 
power Jzf'T of Jzf, 7 € R", when B is a UMD space. 
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Suppose that m(A) = A J °° e - M (j)(t)dt, A e (0,oo), where <E L°°(0,oo). Let / <E C C °°(R"). 
According to Theorem [T] 

T% (f)(x) = lim la(e)f(x) + f f(y)Kf(x,y)dy) , a.e.x e R™. 



Also, by 



T m (f)(x) = lim a(e)/(a;) + / f{y)K 4 ,(x,y)dy , a.e. a: € 



|a:-y|>e 



Here a g L°°(0,oo). 

The operator T m is bounded from L p (M. n ) into itself, for every 1 < p < oo, and from L 1 (I 
into L 1 '°°(M n ). Moreover T m is a Calderon-Zygmund operator. Hence, the maximal operator 
T* n defined by 



T* (/)(*)= SU P 

£>0 



f{y)K 4> {x 1 y)dy 

| as— y|>e 



is bounded from L P (R") into itself, for every 1 < p < oo, and from L 1 (R n ) into L 1,tx> (R"). Also, 
the same L p -boundedness properties are satisfied by the operators 



T m Af)(x) = I™ oc(e)f(x) + / f(y)K tj> (x,y)dy 



E-J-0 



e<|x-j/|<p(x) 



and 



T m , g (f)(x) = f {y)K ^{x , y)dy . 

J\x-y\>p(x) 



The difference Tj^f (/) — T m ^(f) can be written as 



T*(f)(x)-T„ hi (f)(x)= (Kf(x,y)-K lj> (x,y))f(y)dy + Kf (x,y)f(y)dy. 

J\x-y\<p(x) J\x-y\>p{x) 

By proceeding as in the proof of Theorem [3] we can see that the operator — T m j is bounded 
from LP{W n ) into itself, for every 1 < p < oo, and from L 1 (R") into L 1 '°°(R n ). 

Hence we conclude that Tj^f can be extended to L P (R"), 1 < p < oo, as a bounded operator 
from LP{W n ) into itself, for every 1 < p < oo, and from L x (R n ) into L 1 '°°(R n ). 

Moreover, we can deduce that the maximal operator 



T^*(/)(x)=sup 

£>0 



Kf(x,y)f(y)dy 

\x-y\>e 



, X € 



is bounded from L p (R n ) into itself, for every 1 < p < oo, and from L 1 (R") into L l!00 (R n ). 
Hence, for every / g L P (R"), 1 < p < oo, there exists the limit 



lim ( f(x)a(e) + / f{y)Kf {x,y)dy ] , a.e. z e R", 



\x-y\>e 



and, for every / G L 2 (R ra ), 

7^(/)(x)= lim ( /(*)«(£) + 



/ f(y)Kf(x,y)dy , a.e. x e 

J|a;-w|>s / 



We conclude that the operator T% can be extended from L 2 (R n )nL p (R") to L p (R n ), 1 < p < oo, 
as a bounded operator from L p (M. n ) into itself, for every 1 < p < oo and from i 1 (R") into 
L 1,00 (R n ). □ 
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4. Appendix 



In this section we present a pointwise representation of the multiplier T m . We establish the 
properties (031 and (fTTj) . 

Proof. For every / G L 2 (R") we have that 



Let / € C C °°(IR"). We can write 
T m (/)W = 



1 



(2tt)™ 
1 

(2tt)™ 
1 

(2tt)" 



r m (/) = (m(|y| 2 )/)- 



e^m(|i/| 2 )/(j/)dy 



e" y /(2/)l2/| 2 / dtdy 



4>{t) / e ix y\y\ 2 e- t ^ 2 f(y)dydt, x e 



The interchange in the order of integration is justified because 



Then, 



l/(y)lly| 5 



T m (f)(x) = 



-t\vY 



\(f>(t)\dtdy < UWoo / \f(y)\dy < oo. 



1 



(27T) n 

-1 

(2tt)" 



We have taken into account that 



and that 



Since / Af(z)dz = A/(Q) 



0(t) / e^e"' 1 ^ (-A)f(y)dydt 
cj)(t) [ Af(z) [ e-^-^e-^ 2 dydzdt 

JR™ JR™ 

Af{z)W t (x,z)dzdt, iel" 

JR™ 

|A/(z)| e -* l2 ' |2 dzd?/ < oo, t > 0, 



e -t»* e -t| v | doi _ 



T m (f)(x)=- 
It is not hard to see that 

W t (x,z) 
Hence it follows that 



/7T\2 

2 f(y)\y=o — 0, we can write 

X(l,oo)(*) 



<f>{t) / A/(«) \W t {x,z) 



(47Tt) 4 



|A/(z)| 



W t (x,z)- 



< C 



(4?rt) 
X(i,oo)(i) 



<C " :E ^! 1 , i.zeK" and t > 0. 



n + 2 
t 2 



dzdt 



Wt(x, z)dzdt + 



x - z 



■dzdt 



l Jsupp/ r 



< C*(i + |x| 2 ), 



Then, 



r m (/)(!) = - iim / m 



\X — Z\ >£ 



Af(z)[W t (x,z) 



X(l,oo)W 
(47Tt)t 
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Let < e < 1. The Green formula leads to, 

X(l,oo)(*) 



f Af(z)(w t (x,z) 

J\x-z\>e \ 



(Ant)' 
f(z)A z W t (x lZ )dz + 



dz 



\x— z\>e 



\x— z\ — e 



d n f(z)[W t (x,z) 



X(l,oo)(X> 
(47T<)^ 



da(z) 



f(z)d n , z W t (x,z)d<r{z), iel" and t> 0. 



\x — z\—£ 



Here d n represents the derivative in the direction normal exterior to the sphere S s = {z G 
\z — x\ = e}. 

By using |17l Lemma 2.1] we have that 



4>(t) 

< c 
c 



k-*|= 



|x-»|=e WO 



d n f(z)[W t {x,z) 



X(l,oo)(0 
(47Tt)t 



da(z)dt 



e 4t 



|x— z\ — e 



IX — Z\ 



a+1 dt I dcr(z) 



dtr(z) < Ce, x G 



If denotes a unitary vector in the direction exterior normal in z £ S £ , we obtain 

$.,»Wi(a:,z) - (V z W t {x,z),n(z)) = Wt{x,z){^^,n{z)) 



w t {x, z y 



e ** e 



2t 2(47r)ftf +1 



Moreover, <j(S e ) = 2e r ' 



Then we have that 



J\x-z\=e 



r(f, 

f(z)d niZ W t (x,z)da(z)<P(t)dt 
e~Tt (j)(t) 



\x-z\-- 

1 



o 2(4tt) 2 *t 



+1 



dtda(z) 



£"- 1 27T2 

1 



\x~z\—s 



f(z) / </>( — )e- tl w-^ 1 dwdcr(z) 



v 4u 



e n 1 2tt2 J| x _ z | =e 
+/(ic)a(e), 

-2 



(/(*)-/(*)) 



v 4u 



)e \! 1 duda(z) 



1 f 00 e 2 n_ 
where a(e) = — — / <j>{— )e u u *~ 1 du, < s < 1. 

1 (.27 JO 

Since / is a continuous function we get 



1 



lim 

e-s.o+ (T"- 1 27r2- 



| a:— z\— e 



(f(z) - f(x)) I 4>{ — )e- u u^- 1 duda(z) = 



It is clear that a is a bounded function on (0, oo). Moreover, if there exists (j>(0 + ) = lim t _j. + 4>{k)i 
by using the dominated convergence theorem we obtain 

lim a(e) = 0(0+). 

£->0+ 

Since A z Wt(x, z) = j^Wt{x, z), x, z g M" and t > 0, the above arguments allow us to establish 

ms) and unj. 

□ 
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